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(VOLUME) DENSITY PROPERTY OF A FAMILY OF COMPLEX 
MANIFOLDS INCLUDING THE KORAS-RUSSELL CUBIC 

MATTHIAS LEUENBERGER 


Abstract. We present modified versions of existing criteria for the density 
property and the volume density property of complex manifolds. We apply 
this methods to show the (volume) density property for a family of manifolds 
given by x^y = a{z) + xb(z) with z = (zg ,..., z„) G and volume form 

dxjx'^ Adzo A... Adzn. The key step is showing that in certain cases transitiv¬ 
ity of the action of (volume preserving) holomorphic automorphisms implies 
the (volume) density property, and then giving sufficient conditions for the 
transitivity of this action. In particular, we show that the Koras-Russell Cu¬ 
bic Threefold {x'^y + x + Zg + z\ = 0} has the density property and the volume 
density property. 


1. Introduction 

The density property and the volume density property is a property of Stein 
manifolds with a huge amount of applications in complex geometry in several vari¬ 
ables. It was introduced by Varolin in [17]. The fact that C" has the density 
property for n > 2 was already used by Andersen and Lempert in [1] where they 
showed that holomorphic automorphisms can be approximated by some special 
family of automorphisms (called shear automorphisms). Varolin realized that the 
main observation of Andersen and Lempert may be formalized and can be applied 
to more general complex manifolds and different problems. Rosay and Forstneric 
contributed also a lot to this progress in [4]. This area of complex analysis in several 
variables is nowadays called Andersen-Lempert theory. The numerous applications 
of the density property are due to the Main Theorem of Andersen-Lempert the¬ 
ory which states that on manifolds with density property any local phase flow on 
a Runge domain can be approximated uniformly on compacts by global automor¬ 
phisms. The analogous statement holds in the volume preserving case. For a deeper 
view into this topic we refer to the comprehensive texts [3,7,10]. 

Definition 1.1. Let A be a Stein manifold. If the Lie algebra Lie(CVFhoi(A)) 
generated by complete (= globally integrable) holomorphic vector fields CVFhoi(A) 
on X is dense (in compact-open topology) in the Lie algebra of all holomorphic 
vector fields VFhoi(A) on X then X has the density property. 

Let A be a Stein manifold equipped with a holomorphic volume form uj. If the 
Lie algebra Lie(CVFj^Qj(A)) generated by complete volume preserving (= vanishing 
w-divergence) holomorphic vector fields CVF]]’qj(A) on A is dense in the Lie algebra 
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of all volume preserving holomorphic vector fields VF5 ^qj(X) on X then X has the 
volume density property. 

Recall that a vector field v is called volume preserving if the Lie derivative L^jLO 
vanishes where the Lie derivative is given by the formula L^, = dii, + i^d and is 
the interior product of a form with i/. 

In Section 2 we present a criterion that is showing (volume) density property. 
For the definition of (semi-)compatible pairs and (u;-)generating sets see Definitions 
2.8, 2.10 and 2.4. For a vector field and a point p € X we denote by € TpX 
the tangent vector of v at p. 

Theorem 1.2. (1) Let X be a Stein manifold such that the holomorphic automor¬ 
phisms Authoi(-^) act transitively on X. If there are compatible pairs such 

that there is a point p G X where the vectors pi [p] form a generating set of TpX 
then X has the density property. 

(2) Let X he a Stein manifold with a holomorphic volume form uj such that the 
volume preserving holomorphic automorphisms AuthQi(A) act transitively on X and 
C) = 0 (where n = dimAj. If there are semi-compatible pairs {vi^pi) of 
volume preserving vector fields such that there is a point p G X where the vectors 
Vi [p] A Pi [p] form a generating set of TpX A TpX then X has the volume density 
property. 

Note that this criterion and its proof is very much inspired by the criteria in [5,8] 
for the algebraic (volume) density property (see Definition 5.3). Actually, e.g. for 
( 1 ), the only difference is that instead of requiring the algebraic automorphisms to 
act transitively on X we require the holomorphic automorphisms to act transitively. 

In Section 3 we investigate the transitivity of the action by (volume preserving) 
holomorphic automorphisms Authoi(A) (resp. Autj)’Qj(A)) where X is given by 
x^y = a(z) + xb{z) with z = {zq,. .. , z„) G for some n > 0 , deg 2 p(a) < 2 and 

deg 2 jj( 6 ) < 1. We show that (after possibly reordering the Zi) the condition 

(A) There is some k >0 such that deg,^. (a) < 2 and deg,^. (6) < 1 for all i < fc 
and for all common zeroes q = {go, ..., Qn) of a, ..., we have 
h{q) ^ 0, and there is some j < k such that ^ does not vanish along the 
curve {zi = qi for all i j} C C”+^. 

is a sufficient condition for Autho^A) to act transitively on A. If additionally 

(B) There is some fc > 0 such that deg^^i (®) — 2 and deg„,. (b) < 1 for alH < fc 
and there is no c G C* for which the polynomials ^ + c-^ for f < fc are 
all constant to zero. 

holds, then also Aut])’Qi(A) acts transitively (Proposition 3.4). 

In Section 4 we apply Theorem 1.2 to these kind of surfaces for n > 0. This 
leads to our Main Theorem. 

Main Theorem. Let n > 0 and a,b G C[zo,---,^n] such that deg, 2 j,(a) < 2, 
deg^g{b) < I and not both of deg^^{a) and deg, 2 o(^) equal to zero. Let z = 
(zq, ... Zn). Then the hypersurface X = {x^y = a(z) -\-xb{z)} has the density 
property provided that the holomorphic automorphisms Authoi(A) act transitively 
on X. In particular X has the density property if (A) holds or if n = 0. 

Moreover, f/H"+^(A, C) = 0 and the volume preserving holomorphic automor¬ 
phisms Aut])’Qi(A) act transitively on X then X has the volume density property for 
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the volume form uj = Ax/x^ /\ dzo A... A dz„. In particular the transitivity condition 
holds if (A) and (B) hold or if n = 0. 

The proof of the Main Theorem is hnished in Section 5 where the case n = 0 is 
done by explicit calculations, not using the methods described in Section 2. 

It is worth pointing out that the Main Theorem together with Corollary 3.5 
implies that the Koras-Russell Cubic Threefold C = {x^y + x + Zg + zf = 0} has 
the (volume) density property. The Threefold C is a famous example of a affine 
variety which is diffeomorphic to R® but not algebraically isomorphic to C®, e.g. 
see [13]. As an affine algebraic variety C (in particular the algebraic automorphism 
group of C) is well understood, e.g. see [2]. For example it is know that the algebraic 
automorphisms does not act transitively on C. The density property implies that 
the situation in the holomorphic context is completely different. However, it is still 
unclear if C is biholomorphic to C®. Related to this question there is a conjecture of 
Toth and Varolin. The conjecture [16] states that a manifold which has the density 
property and which is diffeomorphic to C" is automatically biholomorphic to C". 
If the conjecture holds then the Main theorem would imply that C is isomorphic 
to CA 


2. Proof of Theorem 1.2 

Let A be a Stein manifold of dimension n, and let Ox be the sheaf of holomorphic 
functions on X. 

2.1. Preliminaries. Let jj be a coherent sheaf of Ojf-modules, and let si,..., sat € 
^{X) be global sections. The following lemmas are standard applications of sheaf 
theory. 

Lemma 2.1. Let p € X, and let Pp C Ox(X) be corresponding ideal. If the 
elements Si + Pp^{X) span the vector space ^{X)/pp^{X) then the localizations 
{si)p generate the stalk ^p. 

Proof. Let 0p be the (Ox)p-submodule of jjp generated by (si)p,..., {sn)p- The 
assumption implies that we have (0p + Pp^p)/Ppdp = dp/ppSp- Let £p = l?p/0p 
then a short calculation using the isomorphism theorems for modules shows that 
we have &p/pp£,p = 0. The ring {Ox)p is local, so by the Nakayama Lemma we 
may lift a basis of ZpjppUp to a generating set of £p, and thus £p = 0. This yields 
0p = ^p which shows the claim. □ 

Lemma 2.2. If the elements {si)p generate the stalks jjp for all points p € X then 
every global section v G i?(A) is of the form ^ fiSi for some global holomorphic 
functions fi G Ox{X). 

Proof. Consider the morphisms of sheaves ip : t 5^ given by {fi) i-A ^fiSi. 

By assumption ip is surjective on the level of stalk. Therefore we get the following 
short exact sequence of coherent sheaves: 

0 ker ip Ox ^ ^ 0. 

This yields the following long exact sequence: 

-^ H°(A, ^ H0(A,S^) ^ Hi(A,ker(p) ^ . 

By Theorem B of Cartan we have {X, ker ip) = 0. Thus the left map is surjective, 
and therefore every global section u G H®(A, ^) = g'(A) is of the desired form. □ 
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Recall that a domain y C X is called Runge if all holomorphic function on Y can 
be approximated uniformly on compacts K C Y hy global holomorphic functions 
on X. 

Lemma 2.3. Let Y C X be a domain of X which is Runge and Stein. If the 
elements {si)p generate the stalks S'p for all points p GY then every global section 
V € can be uniformly approximated on compaets K CY by global sections of 

the form fiSi for some global holomorphic functions fi G Ox{X)- 

Proof. Let G be the restriction of n to Y. By Lemma 2.2 we have 

vIy = Y9i^i\y some holomorphic functions gt G Ox{Y) on Y. Since L is a 
Runge domain we may approximate the functions gt by global functions ft G Ox 
uniformly on compacts K gY . Thus the global section n can be approximated by 
sections Y uniformly on compacts K gY. □ 

2.2. Criterion for (volume) density property. The following definition is due 
to [5], but adapted to the holomorphic case. 

Definition 2.4. Let p G X. A set U G TpX is called generating set for TpX if 
the orbit of U of the induced action of the stablilizer Authoi(-^)p contains a basis 
of TpX. 

If X has a volume form w then a set U G TpX A TpX is called w-generating set 
for TpX A TpX if the orbit of U of the induced action of the stabilizer Aut)(oj(X)p 
contains a basis of TpX A TpX. 

The next proposition a powerful criterion for the density property. It is a gen¬ 
eralization of Theorem 2 in [5] and the proof is similar. 

Proposition 2.5. Let X be a Stein manifold such t/iat Aut hoi (AT) acts transitively 
on X. Assume that there are complete vector fields vi,... ,vx G CVFhoi(A') which 
generate a submodule that is contained in the closure o/Lie(CVFhoi(y)) and as¬ 
sume that there is a point p G X such that the tangent vectors Vi [p] G TpX are a 
generating set for the tangent space TpX. Then X has the density property. 

Proof. We may assume that the vectors ni[p] contain a basis of TpX. Indeed, the 
vectors Vi[p] are a generating set of TpX. Thus after adding some pull backs of 
some vector fields ni by automorphisms in Authoi(-A)p we get the desired basis of 
TpX. Let A X he the analytic subset of points where the vectors Vi[a] do not 
span the whole tangent space TaX. 

Let K G X he a compact set. After replacing K by its Cx-convex hull we may 
assume that K is Ox-convex. Let F be a neighborhood of K which is Stein and 
Runge, and moreover such that the closure of Y is compact. See e.g. the beginning 
of the proof of Theorem 7 in [15] for the existence of such a Y. 

After adding hnitely many complete vector fields to vi,... ,vx we get that Y n 
A = 0. Indeed, since the closure of F is compact, F CiA is a hnite union of irreducible 
analytic subsets. Let Aq C A be an irreducible component of maximal dimension. 
Pick any a G Aq and (f G Authoi(Ar) such that (j){a) G F \ A. Since the vectors 
Vi[(j){a)] span the tangent space T^f^^^-fX the vectors (^*izi)[a] span the tangent space 
TaX. Thus after adding some of the pull backs to i^i,..., i/x the component AoPlF 
is replaced by finitely many components of lower dimension. Repeating the same 
procedure, inductively we get after finitely steps a list of complete vector helds 
vi,...,vx such that A fl F = 0. 
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Let 3^ be the coherent sheaf corresponding to the tangent bundle. The fact that 
the vectors u^a] span TaX for all o G T translates to the fact the elements + 
span the vector space for all a € Y, where fia is the maximal ideal of a. 

Thus by Lemma 2.1 the assumption of Lemma 2.3 holds. Therefore ever vector 
field on X can be approximated uniformly on K by elements of the form ^ fiVi for 
some regular functions fi G OxiX). By assumption the submodule generated by 
ui,..., uat is contained in the closure of Lie(CVFhoi(-^)) (note that this property 
still holds after enlarging the list ui,...,ujv in the procedure above). Therefore 
every holomorphic vector field is in the closure of Lie(CVFhoi(-^)). Q 

For the volume case the proof can be found in [11]. For completeness indicate 
a proof here. We introduce the following isomorphisms. The article [8] is a good 
reference for this methods. Note the reference is written only for the algebraic 
case, however all isomorphisms exist identically in the holomorphic case. Let oj 
be a holomorphic volume form. For 0 < i < n let Ci{X) be the vector space of 
holomorphic t-forms on X. Moreover let Zi{X) C Ci(X) be the vector space of 
closed t-forms, and let Bi{X) C Zi{X) be the vector space of exact z-forms. Then 
we have the isomorphism: 

d* : VFhoi(N') ^ Cn-i{X), V I—>■ z^w, 
and in the same spirit we also have the isomorphism induced by: 

: VFhoi(^) A VFhoi(Nr) ^ Cn-2{X), u A /i i— 

By definition VFj)’Qj(X) consists of those vector helds v such that = 0 

holds and thus the isomorphism $ restricts to an isomorphisms 

0 = ‘I>lvF(;„,(x) : VFi),i(X) ^ Z„_i(X). 

Moreover, we consider the outer differential 

Z? :C„_2(X) 

of (n — 2)-forms. 

Lemma 2.6. Let a, (3 €XY^^^{X). Then = diai/ 3 Uj. 

Proof. Proposition 3.1 in [8]. □ 

The next proposition is in some sense the version Proposition 2.5 in the volume 
preserving case. It is an adaption of Theorem 1 in [8]. 

Proposition 2.7. Let X he a Stein manifold such that AuthQi(X) acts transitively 
on X. Assume that every class o/H"“^(Ar,C) = Zn-i{X)/Bn-i{X) contains an 
element o/ 0(Lie(CVF5('Q[(A))). Moreover, assume that there are complete vector 
fields vi,...,vx G CVFj)’Qj(A') and G CVFj)’Qj(A) such that the sub- 

module o/VFhoi(A) A VFhoi(A) generated by the elements Vj A pLj is contained in 
the closure o/Lie(CVFj(’Qj(A)) A Lie(CVF[(’Qj(A)), and assume that there is a point 
p G X such that the vectors Wj[p] A yij[p] are a to-generating set for the vector space 
TpX A TpX. Then X has the volume density property. 

Proof. Let K C X he a, compact set. By the identical arguments as in the proof of 
Proposition 2.5 we see that every element of VFhoKA") AVFhoi(A) may be uniformly 
approximated on K by elements contained in Lie(CVF[]’Qj(A)) A Lie(CVF[(’Qj(A)). 

Let f G VF[(’qi(X). By the first assumption we may, after subtracting an element 
of 0(Lie(CVF[(’Qj(A))), assume that 0(C) G Bn-i{X). Thus 0(C) = Zl(4'(7)) 
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for some 7 G VFhoi(-^) A VFhoi(-^)- Let us approximate 7 uniformly on K by 
elements of the form /\ pi G Lie(CVFhoi(-^)) A Lie(CVF5^Qj(X)) with ai, Pi G 
Lie(CVFj^Qj(X)). We use Lemma 2.6 to see that 

^ = X! = X! S 0(Lie(CVF5:;’oi(X))). 

Since 0(C) = approximated uniformly on K by elements of the form 

J2Hai,/3i]‘^ = 0(X)['^G A]) the vector field C can be approximated uniformly on K 
by elements of the form ^[ai, Pi] G Lie(CVFhQi(X)) which proves the proposition. 

□ 

2.3. Semi-compatible and compatible pairs. This section provides a way to 
find the submodules which are required in Propositions 2.5 and 2.7. The parts 2.8 
- 2.11 are e.g. from [5] and [8] and are here adapted to the holomorphic case. For 
a vector field v and a regular function / we denote by I'if) the regular function 
which is obtained by applying as a derivation and ker ly is the kernel of this linear 
map. 

Definition 2.8. A semi-compatible pair is a pair [v,^] of complete vector fields 
such that the closure of the linear span of the product of the kernels ker v ■ ker /i 
contains a non-trivial ideal I C OxiX). We call I the ideal of /r). 

Lemma 2.9. Let (v,pp he a semi-compatible pair of volume preserving vector fields 
and I be its ideal. Then the .submodule 0 /VFhoi(A) A VFhoi(A) given by I ■ Iv/\ p) 
is contained in the closure 0 /Lie(CVF((’Qj(A)) A Lie(CVF((’Qj(A)) 

Proof. Let r = (X) figp • (^ A /x) with fi G kerix and gi G ker/x be an arbitrary ele¬ 
ment of span{kerix-ker/x}-(ixA^). Since/i G ker ix we haveG CVF((’qj(A) for alH 
and similarly gin G CVFJ(’qi(A) for all i. Thus t = J2 fi^^9iL € Lie(CVFj(’Qi(A)) A 
Lie(CVFj(’Qi(A)). Therefore the closure of spanjkerix • keryx} ■ {n A p) is contained 
in the closure of Lie(CVFj(’Qi(X)) A Lie(CVF)(’Qi(A)), and the claim follows. □ 

Definition 2.10. A semi-compatible pair {n,p) is called a compatible pair if there 
is an holomorphic function h G Ox{X) with v{h) G kern \ 0 and h G kerp. Note 
that this condition in particular implies that hn is a complete vector held. 

Lemma 2.11. Let {n,p) be a compatible pair, and let I be its ideal and h its 
function. Then the submodule 0 /VFhoi(-A) given by I ■ n{h) ■ p is contained in the 
closure o/Lie(CVFhoi(-A)). 

Proof. Let / G ker n and g G ker p, then fn, fhn, gp, ghn G CVFhoi(A). A standard 
calculation shows 

[fn,ghp\ - [fhn,gp] = fgn{h)p G Lie(CVFhoi(A)). 

Thus an arbitrary element '^{figi)v(h)p G spanjker ix-ker p}-n(h)-p with fi G ker n 
and gi G kerp is contained in Lie(CVFhoi(A)) which concludes the proof. □ 

Proof of Theorem 1.2. (1) Let L be the ideals and hi the functions of the pairs 
(ni,pi) and pick any non-trivial fi € h ■ Viihi) for every i. Since the set of points 
p € X where the vector helds Pi\p\ are a generating set is open and non-empty 
there is some q € X where the vector helds fiiq)pi[q] are a generating set for TqX. 
By Lemma 2.11 the module generated by the vector helds fiPi is contained in the 
closure of Lie(CVFhoi(A)) and thus by Proposition 2.5 the manifold X has the 
density property. 
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(2) Process as in (I)-. Let li be the ideals of the pairs and pick any 

non-trivial ji S h for every i. Since the set of points p G X where the elements 
Vi [p] A Pi [p] are an w-generating set is open and non-empty there is a q € X where 
the vector fields fi{q) ■ {vi[q] A Pi[q]) are an w-generating set for TqX A TgX. By 
Lemma 2.9 the module generated by the elements fi ■ (vi A pi) is contained in the 
closure of Lie(CVFj^Qi(X))ALie(CVFj^Qi(X)). Thus by Proposition 2.7 the manifold 
X has the volume density property (the first condition of Proposition 2.7 on the 
cohomology group is trivially fulfilled since C) = 0 by assumption). □ 

We conclude this section by two remarks. These two remarks are just for general 
information and are not used later in this article. 

Remark 2.12. Clearly Theorem 1.2(2) still holds if we have that every class of 
H”“^(X, C) contains an element of 0(Lie(CVF))’Qi(X))) as in Proposition 2.7 instead 
of H"“^(X, C) = 0. Also, note that this condition is equivalent to the condition 
that every class of H”“^(X, C) contains an element of 6 (CVF))’q[(A)). Indeed, by 
Lemma 2.6 all Lie brackets represent the trivial class of H"“^(A, C). 

Remark 2.13. There is another class of compatible pairs. Sometimes a semi¬ 
compatible pair (u, p) is also called compatible if there exists a function h € Ox{X) 
with v{h) € ker u \ 0 and p{h) € ker p\0. For this version the identity [/u, ghp\ — 
[fhv, gp] = f g{v{h)p — p(h)v) implies that there would be a version of Theorem 1.2 
where we allow compatible pairs of this kind such that the vectors v{h)p — p{h)v 
take part in constructing the generating sets. 


3. Transitivity of the Authoi(A)- and Authoi(X)-ACTiON 


Let n> k >0 and a,b G C[zo ,..., z„] such that deg^. (a) < 2 and deg^. (6) < 1 for 
all i < k. Let z = (zq, ... Zn) and X = {x^y = a(z) + xb(z)} with the holomorphic 
volume form oj = dx/x^ A dzo A ... A dz„^. Consider the following vector fields on 
A: 


f da db\ d , ^ 
Vclzi ~^^dzi) dy~^^ dzi 


and v^y 


f da db\ 


d d 


for 0 < z < n and 0 < j < k and moreover let 


d 


Vz = a{z)x— - {2a{z)y - xyb{z) -I- &(z)^) 


dy' 


Lemma 3.1. f{z)vz G CVFhoi(A), f{x,zo,..Zr..,Zn)vl G CVFhoi(A) and 
f{y, Zo, -Zj.., Zn)v^y G CVFhoj(A) for f : C"+^ -)> C, 0 < z < n and 0 < j < k. 


Proof. It is easy to see that the vector fields vj, are locally nilpotent, so they are in 
particular complete. The coefficients of v-j^ are linear in x and Zj for all 0 < j < fc 
so the flow equation is a linear differential equation, and thus has a global solution. 
The vector field Vz is complete since we may first solve the linear and uncoupled 
differential equation for x. Then the differential equation for y becomes linear and 


^It is a general fact that on every hypersurface {P = 0} C 
given by a; = f-§^) A ... A dxi A ... A dzjv- 


there is a natural volume form 
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uncoupled as well, and thus we have a global solution. It is left to show that the 
vector fields and are volume preserving. A standard calculation shows that 

= (—l)*"''^dx A d^o A ..dzi.. A dz„, 

1 f da db\ ^ 

w = — --h X—— dzo A ... A dz„ + 

« \ OZj OZj J 

- 2 —(22^2/ — h{z))dx A dzo A .Azj.. A dz„ 

= ,_!)> d d d.„ A ..dA,. A dA„ 

= (—l)-^dj/A d^o A ..dzj.. A dzn- 

Thus L„i Lo = di,,i w = 0 and Li to = dii w = 0 which shows that they are volume 

'-^X ^X fJy fJy 

preserving. 

Multiplying with a kernel element doesn’t affect these properties. □ 

Lemma 3.2. The group Authoi(-A) acts transitively on A \ {a; = 0}. Moreover 
Authoi(A) aets transitively on A \ {x = 0} provided that condition (B) from the 
introduction holds. 

Proof. Use the flow of the vector fields v* to get a transitive action on the fibers 
{x = c 0} and the fields Vz to connect the fibers. Thus we see that Authoi(A) 
acts transitively on A \ {x = 0}. If condition (B) holds then we may also use 
the vector fields to connect the fibers. Indeed, for every c yf 0 there is a point 
p G {x = c} and a vector field such that points outwards of the fiber. Thus 
in this case Aut5^oi(A) acts transitively on A \ {cc = 0}. □ 

Lemma 3.3. If (A) from the introduction holds then for every point p € An{a; = 0} 
there is some </> G Aut5!;’Qj(A) such that 4>(p) ^ {x = 0}. 

Proof. By (A) we have that for any point p = {0,yo,q) G {x = 0} n A at least 
one of the polynomials b, ^■,..., does not vanish at q. For a non-vanishing 
^ the vector field v-j^ points outwards from {x = 0} at the point p. Thus the 
flow of v-^ moves p away from {x = 0}. If all polynomials ..., vanish at 
q = (<?o, ■ ■ ■ ,qn) then b is non-vanishing at q and moreover there is a j < fc such that 
^ does not vanish along the curve {zi = qi for all z yf j} C This means 

that v-jj is non-vanishing at p. Assume the orbit of p by the flow of is contained in 
{x = 0} then the set {x = 0,y = yo, Zi = qi for all z yf j} C C"+^ would contained 
in A and tangent to x^, which is not the case. □ 

These two lemmas combined give the following proposition using the conditions 
from the introduction. 

Proposition 3.4. Assume that (A) holds. Then Authoi(A) acts transitively on A. 
Assume that additionally (B) holds. Then Authoi(A) acts transitively on A. 

Corollary 3.5. The volume preserving automorphisms act transitively on the Koras- 
Russell cubic C = {x'^y -I- x -|- Zq -I- = 0}. 

Proof. We have ^ = —2zo and &(zo,Zi) = —1. Thus it is easy to see that (A) 
and (B) hold, and thus the vector fields x°,x^ and x° induce a transitive action on 
C. □ 
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Remark 3.6. The transitivity of the action by automorphisms a priori need 
not to be achieved by the vector fields vl.,Vy,Vz only (which is equivalent to 
condition (A) from the introduction). There could be further automorphisms. 
For example depending on a and b there could be automorphisms of the form 
(x,y,z) i-A (x,jy,A(z)) where A is an automorphisms of with the property 

that a{X{z)) + xb(A(z)) = 'y(a(z) + xb(z)) for some 7 G C*. A similar statement 
holds for transitivity by volume preserving automorphisms. 


4. The Main Theorem for n > 0 


Let n>0, n>k>0 and a,b € C[zo, ■ • ■,-^n] such that deg^. (a) < 2 and 
deg 2 .(b) < 1 for all i < k. Moreover, assume that not both of deg 2 ^(a) and deg^^)!;) 
are equal to zero. Let A = {zq, ... Zn) and X = {x^y = a{z) + xb{z)} with the 
holomorphic volume form uj = dx/x'^ A dzo A ... A dz„. 

Consider, again, the following vector fields on X: 


f da db\ d 9 ^ 
~^^dzi) dy~^^ dzi 


and v^y 


f da db\ 


d d 


for 0 < i < n and 0 < j < k. 


Lemma 4.1. Let 0 <i < n and 0 < j < k. Then are compatible pairs for 

i ^ J- 


First we show that are semi-compatible pairs. Indeed the kernel of 

v\. is contained in the functions depending on cc, zq)-Z n and the kernel of 
v^y is contained in the functions depending on y, zq, ..Zj.., Zn thus the closure of 
span{keri;(, • kerv^} is equal to OxiX) and in particular contains an ideal. 

For {vl.,v^) being a compatible pair we need a function h G kem^ such that 
vl.{h) G kervl. \ 0. The function h = Zi does the job. 


Lemma 4.2. For a generic point p G A the vector Vy[p\ is a generating set for 
TpX and the set vf[p\ A Vy[p\ is a u)-generating set for TpX A TpX. Note that the 
first statement also true for n = 0 . 


,qn) be such that xo ^ 0 and 


^0 dzo 


Proof Let p = (xo,yo,q) where q = {qo, 

fz 0 . 

For a complete vector field v G CVFhoi(A) and kernel element / G keru with 
/(p) =0 we get an induced action (by the time one flow map of fv) on TpA given by 
V I—>■ V -\-v{f)iy[p]. Let Vi = u* and fi = x — xoiorO<i<n. Thus the orbit of Vy[p\ 


under the Autj('Qj(A)p-action contains the vectors u^jp] 


/ da{q) 
dzo 


V 


a;o 


dm ] . 

dzo J 


=b]- 


Therefore the orbit contains a basis for TpA. 

Since / G keru" we have that vf.[p\ 1 —>■ vf.[p\ under the actions given by (x—xo)v].. 
So in particular, similarly we have that the orbit of v”[p] A v^[p\ contains a basis 


for u”[p] A TpA. Considering now the actions given by the vector fields (z„ — qn)Vx 
for f < n — 1. We get the actions v'f[p] i-A- v'f[p] -\- XqvI.[p], and thus we see that 
the orbit of the AuthQi(A)p-action contains a basis for uj,[p] A TpA for all i < n. 
Together they build then together a basis for TpA A TpA. □ 


Proof of the Main Theorem for n > 0. By Lemma 4.1 there exists a point p G A 
and compatible pairs (vi,p,i) such that the vectors fJ,i[p] are a generating set for 
TpA and the elements Uijp] A fj,i[p] are a w-generating set for TpA A TpA thus 
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by Theorem 1.2 the claim is proven. Proposition 3.4 proves the “in particular” 
part. □ 

Remark 4.3. We never used that a and b are polynomials. In fact, the Main 
Theorem also holds if a and b are polynomial in zo and analytic in zi,..., Zn- 

Remark 4.4. The condition that C) = 0 in the Main Theorem could 

be omitted in the case when every class of C) contains an element of 

0(Lie(CVFhQ[(X)) as in Proposition 2.7. However this cannot be achieved by the 
complete vector fields / • u* and g ■ since they are all mapped to the zero class 
by 0 (see the calculation in the proof of Lemma 3.1). So the existence of other 
complete volume preserving vector fields would be required. 

Remark 4.5. If a(z) is reduced (i.e. has connected fibers) and {a{z) = 0} C 
is smooth then the condition C) is actually equivalent to the condition 

that W^~^{{a{z) = 0}, C) = 0. Indeed, ii Y = {uv = a(ul)} then the map X ^ Y 
given by (x,y,z) i-A {x,xy — b(z),z) is an affine modification in the sense of [9]. 
Theorem 3.1 of [9] shows that C) = H*(y, C). Moreover, Proposition 4.1 of 

[9] states that we have 

H*(y,C) = H*-2({a(z) = 0},c) 
which proofs the statement of the remark. 

5. The Main Theorem for n = 0 

Let a, & e C, and let Xa,b = {x^y = z"^ — b + ax}. Note that Xa^b is smooth if and 
only if a and b are not both equal to zero. Also, the conditions (A) and (B) from the 
introduction hold automatically if Xa^b is smooth. Therefore the volume preserving 
automorphisms act transitively on Xa^b- The following proposition is mostly taken 
from [14], and among others it shows that Xa^b is algebraically isomorphic to Xi^o, 
Ao.i or Al l. Moreover it shows that Agp and Ai_i are biholomorphic. 

Proposition 5.1. (a) Let a € C and b G C* then 

(’i) A(j 1 =alg ^a,b and Xb^a =alg Ai q, 

(ii) Aop =hoi Aa,i, 

where =aig means isomorphic as algebraic surfaces and =hoi isomorphic as 
complex manifolds. 

(b) Let X = {x^y = p{x,z)} be a smooth hypersurface with p G C[x,z] and 
deg 2 _p( 0 , z) < 2 then 

(i) if deg^p{0, z) = 0 then X =aig C* x C, 

(ii) ifdeg^p{0,z) = 1 then X ^aig 

(Hi) ifp{0,z) has a zero with multiplicity 2 then X =aig Ai_ 0 ; 

(iv) if p{d,z) has two different zeroes then there is a unique a G {0,1} such 
that X =aig Aq 1 . 

Proof. Theorem 9 from [14] gives the isomorphisms in (a)(i). The biholomorphic 
map in (a)(ii) is given by 

, , / e“““' + aa;-l _<•„ \ 

(a;,y,z) hA ( a;,e -,e ^^zj. 

Theorem 5 from [14] states that A is algebraically isomorphic to x'^y = s{z) + xt{z) 
for some s,t G C[z] with degt < degs — 2 Following the given algorithm we see 
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that s(z) = p(0, z) which is then, after a linear change in the ^-coordinate, given 
by (i) 1, (ii) z, (iii) z'^ or (iv) — 1. The isomorphisms in (b) are then easily found 
and the uniqueness in (b)(iv) follows from Theorem 9 from [14]. □ 

Despite of Proposition 5.1(a) we will start working on Xa^b for general a, 6 € C. 
It turns out that this is more convenient for most arguments. 

Remark 5.2. Every function / € C[Xa^b] can be written uniquely as 

OO OO OO 

f{x, y,z) = x"a^{z) + ^ xy^bi{z) + ^ y"c^{z) + d{z), 

i=l i=l 

indeed replace every x^y by z^ — b + ax. Alternatively / can be written uniquely as 

f{x,y,z) = fi{x,y) + zf 2 {x,y), 

indeed replace every z"^ hy x'^y + b — ax. 

We will use a tool in order to proof the (volume) density property, namely 
the algebraic (volume) density property. Note that the algebraic (volume) density 
property implies the (volume) density property, see [6]. 

Definition 5.3. Let X be an affine algebraic manifold. If the Lie algebra 
Lie(CVFaig(A')) generated by complete algebraic vector fields CVFaig(A) on X 
is equal to the Lie algebra of all algebraic vector fields VFaig(A) on X then X has 
the algebraic density property. 

Let X be an affine algebraic manifold equipped with an algebraic volume form 
w. ff the Lie algebra Lie(CVFajg(A)) generated by complete volume preserving 
algebraic vector fields CVFajg(A) on X is equal to the Lie algebra of all volume 
preserving algebraic vector fields VF[)’qj(A) on X then X has the algebraic volume 
density property. 


5.1. The volume density property. Let a,b € C such that not both equal to 
zero. For proving the volume density property for f, = {x'^y = z'^ — b + ax} with 
respect to w = dx/x^ A dz we will need the following two vector fields: 


Vx 





Lemma 3.1 translates into: 


Lemma 5.4. x’^Vx G CVF“ig(Aa,b) and y^Vy G CVF“ig(Aa,6) for k>0. 

Lemma 5.5. Let v G VF“jg(Aa,6). Then the 1-form iyUj is exact and iyUj = df 
defines a bijection between algebraic volume preserving vector fields and algebraic 
functions modulo constants. 

The functions corresponding to x^Vx and y^Vy are given by the equations 

{k -L l)z(,^fc^^)W = -dx’'^^ and {k -L l)i(yky^)Ui = dy^^^. 

Proof. The correspondence is given by the isomorphism 0 the map D in Section 2 
using the fact that H^(Aa,b, C) = 0. The same correspondence was also used in [12]. 
The triviality of H^(Ao^b, C) follows from the fact that Xa^b is an affine modification 
of P? along the divisor 2 ■ {x = 0} with center at the ideal (x^, z^ -6-1- ax) using 
the notation from [9]. If 6 ^ 0 then Proposition 3.1 from [9] shows that Xa,b is 
simply connected (since is simply connected). If 6 = 0 then Theorem 3.1 from 
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[9] shows in a similar way that H^(Xa,o,C) = H^(C^,C), and thus is trivial. For 
the two identities we make the calculations: 

(fc + = (k + l)x^iy^(jj = —{k + l)x^dx = — 

{k + = (fc + = {k + l)y'" ~ = 

= {k + + = {k + l)/dy = dy'=+\ 

□ 


Recall that for a vector field v and a regular function / we denote by i^{f) the 
regular function which is obtained by applying v as a derivation. 


Lemma 5.6. Let vi,V 2 € VF^[g(Xa,6) and iy^uj = df then = dx 2 (/)- In 

partieular, if f eorresponds to a veetor field in Lie(CVF“[g(Xa,t,)) then x^Vx{f) and 
y^Vy{f) correspond to a vector field in Lie(CVF^[g(Xa,t,)). 


Proof. The identity Z [„2 ,,^ 0 ; = dn 2 (/) is shown in Lemma 3.2 in [12]. 
Lemma 5.7. Leti,j,k>0. Then 


□ 


( 1 ) 

Vx{y^^^ 

( 2 ) 

vx{y^+^z'^+^ 

(3) 


(4) 


(5) 


Proof. 

The lemma is j 


) = 
) = 
) = 
) = 


2(j + i)y^z, 

y^z^{2{j + l)z^ + (fc + l)(z^ - 6 + ax)), 
(fc + l)y^ z^{2xy — a), 

2 (z + l)x* 2 , 


) = x*z* ( 2 (z + l)z^ + (fc + 1 )( 22 ;^ — 26 + ax)) . 


□ 


Proposition 5.8. Smooth surfaces Xa^t = {x^y = — b + ax} have the algebraic 

volume density property with respect to u) = dx/x^ A dz. 


Proof. Let L be the set of function that corresponds to the Lie algebra of complete 
vector fields. By Lemma 5.5 we already have x* G L and y* G L for z > 0. We 
need to show that all functions on X (modulo constants) are contained in L. It is 
enough to show that (a) x^z'^'^^ G L, (b) xy^~^^z^ G L and (c) y^^^z^^^ G L for all 
i,j,k>0. 

First we show (a) x^z^~^^ G L: The statement (a) is also true for k = —1 
by Lemma 5.5. Lemma 5.6 shows that Vy{x'^~^^) G L. Therefore by (4) we get 
2(z + l)x* 2 ; G L and thus x*z G L for z > 0 which is the statement for k = 0. Let us 
assume that the statement is true for k — 1 and for k. Then, by Lemma 5.6 we have 
Vy{x^^^z^) G L. By the induction assumption and (5) we have also x* 2 :^+^ G L 
which concludes the proof of (a) x’^z'^'^^ G L inductively for all i,k > 0. 

The next step is to show (b) xy^'^^z^ G L and (c) for k = 0; Note that 

(c) holds also for fc = —1 by Lemma 5.5. By Lemma 5.6 we have G L, 

and thus by (1) y^^^z G L which proofs statement (c) for j > 0 and k = 0. By the 
same lemma we have y^Vy{z) G L. Thus by (3) and (c) we have G L proving 

statement (b) for j > 0 and fc = 0. 

The last step is to show (b) xy^^^z^ G L and (c) y^+^z^+^ for arbitrary k: Let 
us assume that (b) and (c) hold for k and moreover (c) holds for k — 1. By Lemma 
5.6 and the induction assumption we have Vx{y^~^^ G L for all j > 0. Thus 
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by the induction assumption and (2) we also have G L for all j > 0 which 

is statement (c) for k+1. Similarly, we have y^Vy{z^~^‘^) G L, and thus by (3) and 
the induction assumption we get G L for all j > 0. This is statement 

(b) for fc + 1. Thus by induction over k the statements (b) and (c) are shown. 

□ 

Theorem 5.9. Let X = {x^y = p{x,z)} with p G £.[x,z\ and deg(p(0, 2:)) < 0 6e 
a smooth surface, then X has the algebraic volume density property for the volume 
form dxfx^ A dz. 

Proof. If deg(p(0, z)) G {1, 2} then by Proposition 5.1 the surface X is algebraically 
isomorphic to some surface Xa^t or to C^. Since on these surfaces there are no non¬ 
constant invertible regular functions two different algebraic volume forms differ 
only by multiplication with a constant. So the isomorphism induces a natural bi- 
jection between algebraic volume preserving vector fields on X and Xa^b (resp. C^). 
Thus algebraic volume density property is preserved under algebraic isomorphisms. 
Therefore Proposition 5.8 and the well known fact that has the algebraic volume 
density property concludes this case. 

If deg(p(0, z)) = 0 then by Proposition 5.1 the surface X is algebraically isomor¬ 
phic to C* X C. For any algebraic volume form 77 on C* x C there is an algebraic 
automorphism such that the pull back of rj is equal to rjQ = du/u A dv. Indeed 
for an arbitrary rj = au^du A dri with a G C* and fc € Z the pull back of y by 
{u,v) i-A is rjQ. Apply Theorem 1 of [8] to the semi-compatible pair 

{u ■ d/du, d/dv) to see that C* x C with rjo has the algebraic volume density prop¬ 
erty and thus C* x C has the algebraic volume density property for all algebraic 
volume forms. □ 


5.2. The density property. We will show the density property for the surfaces 
Ai,6 = {x^y = z'^ — b + x} with b G C. We will use the following vector fields on 

Xilb-- 


d d d d 


' dx 


'dz' 




h)y - axy P a^) 


dy' 


Definition 5.10. For an algebraic vector field v the w-divergence div^^u is the 
regular function given by di^uj = (divj^u) • w. 


Lemma 5.11. We have x’^Vx,y'^Vy G CVF^ig(Ai^f,) and zx’^Vx, z^Vz G CVFaig(Ai^f,) 
for k > 0. Moreover dX^iZx^Vx = and div^jZ^fz = — 


Proof. Lemma 5.4 says x^Vx,y^Vy S CVFaig(Ao) and zx^Vx G CVFaig(Ai_h). For 
the statement about the divergence we make the calculations 

dizx*‘v,„^ = —dza;^da: = x^dx Adz = 


^ k-\-‘2 _ ^ k-\-‘2 

dizky uj = d-dz =-^—dx A dz = —z*'''^a;, 

"" X x^ 


and thus prove the statement. 


□ 


The following lemma is well known. 
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Lemma 5.12. For vi,V 2 € VFaig(Xi,h) we have 

diva;[Ti,i;2] = t’i(diva;W2) - f2(diva;Vi), 

in particular we have 

d\v^[x^Vx,V 2 ]= x^Vx{dYv^V 2 ) and d\Y^[y^Vy,V 2 ] = y^Vy{dYv^V 2 ) 
for any k > 0. Moreover for f S C[Xi_6]; 

diva;/v = /diva;i; + v{f). 

Lemma 5.13. Let f £ C[Xi_h]. Then fvy £ Lie(CVFaig(Xi_h)). 

Proof. Let E C C[Xi^b] be given by i? = {diva;!^ : i' £ Lie(CVFaig(Xi^b))}. It is 
enough to show that for every / G C[Xi^b] we have diva;(/vy) € E. Indeed, then 
fvy — V £ VF“ig(Xi_b) for some v £ Lie(CVFaig(Xi^t,))- Thus by Proposition 5.8 
we have fvy £ Lie(CVFaig(^i,&)). 

By Lemma 5.11 we have £ E and G for all i >0. Thus by Lemma 
5.12 we get Xy(x*+^) = 2(i + 2)x*+^z G E, and therefore Vy{xz) = 2z‘^ + 2x‘^y — x = 
Az'^ — 2b + X £ E. Since z'^ £ E we get x — 2b £ E, and thus Vy{x — 2b) = 2z £ E. 
Altogether we have G E, G E and x — 26 G A for all i > 0. 

Let / = x'^y^z^ for i,j>0 and k £ {0,1}. If / 7 ^ xy^ then we have 

diva;(/xy) = y^Vyix^z'") £ E 

by Lemma 5.12 because x^z^ £ E by the above. If / = xy^ then 
diva;(/wy) = y^Vy{x) = y^Vy{x -2b) £ E 

by the same arguments. Thus the lemma is proven since any regular function is a 
sum of such monomials by Remark 5.2. □ 

Proposition 5.14. The surface Xi^i, has the density property. 

Proof. By Lemma 4.2 the tangent vectors of Vy are a generating set for the tangent 
space TqXi^i, at a generic point q £ Xi^i,. By Lemma 5.13 the submodule 

generated by Vy is contained in Lie(CVFaig(Ai_f,)). Thus the Oxi^^iXi^i,)- submod¬ 
ule generated by Vy is contained in the closure of Lie(CVFaig(Ai_h)). Therefore by 
Lemma 4.2 and Proposition 2.5 the surface Xi i, has the density property. □ 

Theorem 5.15. Let X = {x^y =p{x,z)} with p £ <C[x,z\ and deg(p( 0 , 2 :)) <2 he 
a smooth surface. Then X has the density property. 

Proof. By Proposition 5.1 the surface X is biholomorphic to C* x C, C^, Ai_o or 
Al l. It is well known that the first two have the density property. The two other 
surfaces have the density property by Proposition 5.14. □ 
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